Abstract. We present a novel approach to describing the microstructure of high frequency trading using two key elements. First we introduce a new notion of informed trader which we starkly contrast to current informed trader models. We describe the exact nature of the 'superior information' high frequency traders have access to, and how these agents differ from the more standard 'insider traders' described in past papers. This then leads to a model and an empirical analysis of the data which strongly supports our claims. The second key element is a rigorous description of clearing conditions on a limit order book and how to derive correct formulas for such a market. From a theoretical point of view, this allows the exact identification of two frictions in the market, one of which is intimately linked to our notion of 'superior information'. Empirically, we show that ignoring these frictions can misrepresent the wealth exchanged on the market by 50%. Finally, we showcase two applications of our approach: we measure the profits made by high frequency traders on NASDAQ and re-visit the standard BlackScholes model to determine how trading frictions alter the delta-hedging strategy.
Introduction
It is impossible to begin a paper on informed trading and the microstructure of markets without citing the fundamental work of Kyle. This is very fortunate, as Kyle's model is a perfect example of an elegant yet sophisticated model that describes with great accuracy an important phenomenon in financial markets. It is also rather surprising, as the paper was written nearly three decades ago, when the agents and microstructure of markets was very different from that of modern days.
Our paper is a tribute to Kyle's model. Rather than apply the original findings of his ground-breaking paper in circumstances that it did not seek to address, we actively engage with it to reflect the advent of high frequency trading. This allows us to identify the main common points and differences between the world of 1985 and 2014. The common points are adverse selection, the impact of informed trades on prices and the ensuing information rent. The differences are the nature of the informed agents, their trading strategies and the impact they have on the financial system. At the heart of the discussion are two key notions: information and trading. The combination of the two leads to adverse selection. The former requires the reader to understand the nature of the advantage the informed trader enjoys. This can be done through a direct microscopic analysis of agents: in this case high frequency traders. The latter point is more technical in nature. Before any economic conclusion can be reached one has to delve into the exact rules of electronic exchanges. This allows the identification of the exact sources of profits and losses for a trader trading electronically. Both can be tackled on a theoretical level, but also almost physically grasped through the massive amount of data present in modern markets.
Besides the original work by Kyle ([10] ), other microstructure papers focus on inventory managing market makers ( [5, 17, 18, 20] ). These models work under a different market microstructure than the one we study, and are designed to provide qualitative insights on the price formation. Our focus is more on high frequency traders, their profits and the empirically measurable impact they have on the market.
We posit that models of high frequency markets should include our clearing equation and adverse selection model. The main advantage of such an approach is that it does not require a model for the microstructure noise: wealth is perfectly matched to data using only market-observable quantities. We do not track the true price, only the observed mid-price. We refer to [2] and the reference therein for the very rich literature on microstructure noise and the corresponding models of high frequency markets. Both the paper by Y. Ait-Sahalia, P. A. Mykland and L. Zhang [2] and the book by Y. AitSahalia and J. Jacod [1] have been instrumental in the empirical section of our paper, as they highlight the technicalities surrounding econometric tests in high frequency markets. Unlike these references however, our paper aims to measure and match market quantities without resorting to the notion of microstructure noise.
An alternative way to model wealth in a high frequency world is the Almgren and Chriss approach [4] , which relies on a linear price-impact relationship. This approach to adverse selection is more explicit, though more rigid than ours. It is a purely descriptive, agent-less model. Instead of being driven by data, its main focus is tractability for a specific type of applications: optimal execution. Because of this, calibration is not as straightforward in the Almgren and Chriss model as in ours. However, the linear structure leads to closed-form formulas for a larger class of problems, mostly found in the optimal execution literature (see [3, 21] ).
From an empirical point of view, we study a market for a financial asset traded electronically via a limit order book. Market orders are assumed to arrive at high frequency and all trades execute either at the best bid or ask price. Moreover, hidden orders are discarded. The appendix contains more information on our data set from NASDAQ.
A recent pair of papers using high frequency data is [14, 15] . Both papers by O'Hara et al. estimate adverse selection by measuring the imbalance between buy and sell orders. One of the main technical tools advocated by these authors is the use of an event-based clock to model electronic markets, in line with the practice of high frequency trading. We adopt this eventbased point of view, but choose instead to measure adverse selection by the relationship between executed limit orders and price changes.
We illustrate the significant impact of the trading frictions we identify with an application to option hedging by replication in the spirit the seminal work of F. Black and M. Scholes. In our framework, European options are priced with the same formula, but the volatility needs to be changed to incorporate the bid-ask spread. Perfect replication is still possible, albeit with a twist: negative gamma options can only be replicated with limit orders while positive gamma options are hedged with market orders.
These results on option pricing are reminiscent of, but distinct from, Leland's strategy (see [13] for example), in which pricing of European options under transaction costs is explored. The major differences are 1) the sharp distinction between the use of limit and market orders as hedging tools; 2) the impact of adverse selection which is absent in Leland's model. At a procedural level, Leland adds transaction costs to a model already set up in continuous time, while in our approach, we model the market microstructure frictions at the microscopic level, before the extension to a macroscopic, continuous time model.
The rest of the paper is organized as follows. Section 2 describes our notion of superior information to describe high frequency traders. It is contrasted to the usual notion of insider information. A simple model is presented and tested on data. Section 3 begins with a technical description of the clearing mechanism on a high frequency market. This leads to novel equations that decompose a trader's wealth into frictionless wealth, transaction costs and adverse selection costs. An empirical analysis shows the importance of the so far neglected terms. Finally, section 4 presents two applications of our framework. The first measures the profits made by high frequency traders, the effective spread captured by liquidity providers and provides an econometric test for adverse selection. The paper concludes with an application to option hedging in the spirit of the standard BlackScholes replication argument.
Superior Information of High Frequency Traders
This section describes high frequency traders as informed agents. The main message is that the nature of their information, and the risk they carry, is radically different from what has been proposed in the microstructure literature to date. Our canonical reference to contrast the two information structures is the fundamental work of Kyle on insider trading.
Insider information or superior information?
An informed trader is an agent who holds more accurate information on an asset than the rest of the market. The most extreme and well-known example is insider trading, where a trader knows ahead of time the true future value of an asset. To be precise, let us describe the exact nature of the information an insider has access to, how he trades to take advantage of his information and what market risks this strategy entails.
The insider trader knows the true value of the asset at some future time. This tells him the fundamental price of the asset and a time frame on which the market value has to converge to this price level. The insider trader has no additional information on the current supply and demand of the asset and hence will not be able to predict short-term price movements. As expertly described in [10] , if the current market price is lower than the true value of the asset, the trader will accumulate a position over a long period of time, regardless of the price movements and make a profit. If the market price is higher than the true value, the insider will sell the asset over an extended period of time. His edge is the knowledge of the fundamental price of the asset. The main risk the insider runs is marking his inventory to the market. The exact flow of supply and demand can erode his profits through multiple channels. First, if he trades too fast, the inside information will be incorporated faster into the price, leading to less profits. Furthermore, short-term price fluctuations due to supply and demand dynamics can make his marked-to-market profits volatile. He may be asked to satisfy margin requirements by the exchange or regulatory collateral requirements. These will make his return on investment less attractive. Now consider a high frequency trader. Unlike the insider trader, she has no additional information on the fundamental value of an asset. She does not know the true price of the asset at some future point in time. Instead, a high frequency trader has a much more accurate picture of the current supply and demand of the asset. This advantage can manifest itself in a number of ways: she may have access to more market information 1 or she may simply process the information faster 2 . But just as in the literature on insider trading, the underlying cause for the information advantage is not as important as the structure of the information itself -and how it is used-. In the case of high frequency trading, the information is such that the trader can predict with near perfect accuracy the next price movement. She profits from this knowledge by trading in anticipation of these short-term price movements, buying before the price moves up and selling before the price moves down. She therefore makes a profit on each trade marked-to-market, but runs the risk of accumulating an unwanted inventory which may turn against her in the long run.
1 Without being exhaustive, examples of such an information bias are:
(1) The ability to see the full order book beyond the best bid or ask price. (2) Access to other pools of liquidity, such as alternative exchanges or dark pools. (3) More processing and storing power to pour over the massive data feeds.
So, in a nutshell, the insider trader and the high-frequency trader can be seen as mirror images of each other:
• The insider predicts a price level, which corresponds to some fundamental information on the asset.
• The high frequency trader predicts price fluctuations due to information on the market's state of supply and demand for the asset.
• The insider makes money accumulating a position in the long run.
All trades go in the same direction.
• The high frequency trader makes marked-to-market profits trade by trade. Trades oscillate rapidly between buys and sells.
• The insider's risk is the marked-to-market value of his portfolio.
• The high frequency trader's risk is to accumulate an inventory.
The current literature does not distinguish between these two types of informed traders. We will refer to the first one as traders with inside information. The second type of trader will be said to have superior information. After describing these traders in words, we propose a simple model distinguishing their behavior.
2.2.
A toy model. Let (p n ) n=1...N be a sequence of prices and (L n ) n=1...N a trader's inventory before the trade at time n, which will happen at the market price p n (up to some bid-ask spread).
The standard model for a trader with inside information is to say that the trader has access to the information p N in addition to the current price p n , but not the intermediate prices. The trading volume at time n is ∆ n L = L n+1 − L n , the inventory after the trade minus the inventory before the trade. For an insider, it will be of the same sign as p N − p n to guarantee profits at time N . One can find an example of a more explicit trading strategy for insiders in [10] .
Our proposed equivalent for traders with superior information is to give the trader access to p n+1 instead of p N . The trader with superior information therefore knows p n as well as the forward-looking price increment ∆ n p = p n+1 − p n , but not the prices in the further future. Her trade volume ∆ n L will be of the same sign as ∆ n p thanks to this look-ahead option.
For an uninformed trader, ∆ n L is noise and therefore uncorrelated to both p N − p n and ∆ n p.
One could build a full equilibrium model to get a more explicit relationship between ∆ n L and ∆ n p. The bare bones model ∆ n p∆ n L > 0 for traders with superior information, E∆ n p∆ n L = 0 for noise traders will suffice for this paper. Note that this relationship can also be interpreted as a form of price impact, as trading in advance to a price increment cannot be empirically distinguished from the trade moving the price. Indeed, some high frequency trading strategies rely on a thin order book to cause short-term price movements instead of predicting them.
Empirical analysis.
A straightforward way to quantify the above relationship for a given data set is to compute the proportion of trades such that (1) ∆ n L∆ n p > 0; (2) ∆ n L∆ n p = 0; (3) ∆ n L∆ n p < 0. Case (1) means that the trade led to price impact. Case (2) means that the trade left the midprice unchanged and was caused by 'noise' trading. Case (3) corresponds to reverse price impact and is also due to noise trading.
Not all trades with price impact come from informed traders: they could also be the product of lucky noise trades. However, both trades without price impact and inverse price impact must come from noise traders. Because for these traders, E∆ n L∆ n p = 0, the amount of false positives when equating price impact with informed trading is equal to the number of inverse price impact trades: the lower the amount of trades with inverse price impact, the higher the proportion of trades with price impact that are due to traders with superior information rather than noise traders. An important empirical remark is that the number of trades exhibiting inverse price impact is very small. This is probably due to the discrete nature of prices and the bid-ask spread on high frequency markets means that nearly all the trades with price impact were due to traders with superior information, and that noise traders typically have no price impact. The empirical reality is therefore even simpler than our model!
The Clearing Condition on a Limit Order Book
On a technical level, the aim of this section is to describe accurately the evolution of the wealth of a trader trading on a high frequency order book. This is the equivalent of a clearing condition and depends crucially on whether the trader is trading via limit orders or market orders. The former will be qualified as a passive trader, while we describe the latter as an active trader. Once these technical equations have been derived, we can extract from a trading flow the amount of transaction cost paid as well as the money lost due to adverse selection by traders with superior information. As a useful practical consequence, we can also perfectly track trading profits and avoid the notion of microstructure noise.
3.1. Setup. We first define the quantities of interest. Let p n be the midprice before the trade happens at time n. The midprice is defined as the midpoint between the bid and the ask and is often abbreviated to 'the mid'. Similarly, let s n be the bid-ask spread defined as the difference between the best ask and the best bid. Note that the number s n /2, the distance between the mid and either leg of the bid-ask, is often called 'the spread'.
We now single out a trader who's profits and losses we wish to follow. Denote by L n his inventory, that is, his net position in the traded asset. Finally, define by K n the amount of cash the trader is holding and assume that his position is self-financing in the sense that the changes in the inventory and cash account can only come from trading on the high frequency order book.
The quantities p n , s n , L n and K n are necessary and sufficient to, from an accountant's perspective, summarize the trader's strategy given our set of hypotheses. They are therefore the primary data of our model. It is common however to summarize the trader's profits and losses by a single number called wealth.
The most basic way to define wealth from the primary data is to say it is the marked to the mid value of the inventory plus the cash holdings. If we denote by X n the trader's wealth before trade n, this leads to the equation:
This is the main quantity of interest we would like to track, both in the theoretical model, and through our empirical analyzes of trading data.
Clearing a trade.
We assume the position of the trader to be selffinancing. This imposes relationships between p n , s n , L n and K n based on the clearing rules that underpin trades on a limit order book. There are five cases to distinguish, depending on whether the trader (1) triggers a buy with a market order;
(2) triggers a sell with a market order; (3) has his buy limit order executed; (4) has his sell limit order executed; (5) is not part of the current trade.
In case 1, the trader buys at the ask and therefore
In case 2, the trader sells at the bid and therefore
In case 3, the trader buys at the bid and therefore
In case 4, the trader sells at the ask and therefore
These five cases can be summarized by the equation:
where ∆ n K stands for K n+1 − K n and "±" is defined as "+" when trading with limit orders and "−" when trading with market orders. This is our clearing condition. It differs from that used in the Black and Scholes model, where ∆ n K = −p n+1 ∆ n L, unless the next mid price is equal to the previous bid or ask price. This can be related to the wealth of a self-financing trading strategy by plugging the equation into the definition X n = L n p n + K n . This leads to the equation
where ± has the meaning defined above. These are the trading profits of a trader.
3.3. Decomposing profits and losses. Equation (3.7) is a simple accounting rule for updating the wealth of a portfolio when trading on a high frequency order book. It could be stated in several different equivalent forms. We chose to write it in this way to highlight the last two terms. These differ from the commonly accepted rule in the frictionless case. We comment on the three terms separately: 
has a clear interpretation as the spread captured or paid during the transaction. If one trades with limit orders, the spread is captured for each unit of traded asset while for market orders, the spread is paid. This term, all others being equal, favors trading with limit orders and constitutes a first friction on high frequency markets. Note that the exact form of this transaction cost term hinges on the assumption that all trades are made at the best bid or ask price. In the general case, transaction costs are given by a convex function of the trade volume. We leave the theoretical discussion of this fact to the appendix.
3.3.3. Price Impact from adverse selection. The third term is non-standard, and to the best of our knowledge, such a price impact term has never been identified and used in this direct form as a contribution to wealth change:
We now propose an interpretation as a form of adverse selection. This links our clearing condition to the previous discussion on traders with superior information. First, note that while the passive trader 'controls' the transaction cost term (by choosing how far to placer her limit orders from the mid price), the active trader controls this term through the trade volume ∆ n L. If the active trader has no superior information, then ∆ n L will be uncorrelated to ∆ n p and this term averages out to zero. If the active trader has superior information, then ∆ n p∆ n L > 0 from the active trader's perspective, and ∆ n p∆ n L < 0 from the passive trader's perspective. The trade will empirically exhibit price impact and the passive trader will lose money to the active trader.
Empirical analysis.
We now compare empirically three clearing equations with the empirical exchange of wealth observed on the market.
The standard way to model wealth in the academic finance literature is to use the frictionless clearing equation:
where p is not the midprice, while the 'fair' price of the asset, which in an efficient market, is assumed to be a martingale. This equation does not match the data when we use the midprice and the concept of 'microstructure noise' can be invoked to explain this significant gap. In a frictionless market, microstructure does not matter and profits come solely from longer term views on the market. Transaction costs can be added, leading to the clearing equation with transaction costs:
While this equation takes into account the spread, it ignores price impact. Is is however a good model for agents who are using market orders and who do not adversely select the market. This can be the case for low frequency traders who do not optimize their execution and only use long-term views to trade. Finally, incorporating the price impact term leads to a complete picture of wealth on a high frequency market:
This description forgoes the notion of microstructure noise, as wealth can be perfectly tracked using directly measurable market quantities. We first compare the impact of transaction costs and price impact by computing wealth with each of the three equations: the frictionless case given in (3.11), the case with transaction costs given in (3.12) and the exact wealth equation (3.13) . For the stocks of our universe, we provide the results in Table 3 For the sake of illustration, we also give a plot in figure 1 for our example stock, Coca Cola on 04/18/13. The plot in particular shows how current models of wealth cannot even track the realized wealth ex-post! While microsctructure noise models such as [2] can be used to measure the error introduced by ignoring the high frequency microstructure, an exact reconstruction of wealth that matches the data perfectly is possible and not more difficult.
As expected, the frictionless equation underestimates true wealth while the equation ignoring price impact over-estimates the wealth of our aggregate liquidity provider. The relative error is always significant. This comes as no surprise as microstructure noise adds up very quickly over a trading day.
Applications
Our approach stems from a precise analysis of three ingredients: the information structure of the agents present in high frequency markets, the rules underpinning trades on the electronic exchanges and the vast amount of data present in these markets. As a result, it is particularly apt at answering practical questions both from a regulatory and a trading perspective and grounding the research in the modern world.
4.1. Measuring HFT profits. Monitoring the profits made by high frequency traders from their superior information is a first step towards their regulation. Some HFT traders also employ passive strategies that are not covered by our model. First, let us compute the cumulative losses due to adverse selection, the third term of our wealth equation:
We give the plot of this quantity as a function of N in figure 2 for a selection of stocks. Each path corresponds to the cumulative losses of the whole passive side of the market to traders with superior information for a given stock on a single day, rescaled. Note that the path is perfectly decreasing, in line with our model for superior information. In a standard informed trader model such as [10] , these paths would be random walks.
To get a sense of whether passive traders are -on average-sufficiently compensated for these losses, one can compare the transaction costs earned to the money lost to adverse selection. Figure 1 . Example: Coca Cola on 04/18/13. Plots of the actual wealth of the aggregate passive trader together with the wealth computed from the three self-financing conditions. Red is the frictionless case (3.11). Green corresponds to (3.12). The actual wealth and the wealth computed from our self-financing condition (3.13) are indistinguishable on the graph.
As the graph shows, for nearly all the stocks, transaction cost gains are larger than losses to adverse selection. This means that there is a sufficient number of noise traders to support the activity of the passive traders. However, a linear regression shows that the effective spread captured by these passive traders amounts to 20% of the posted spread. The other 80% go to the traders with superior information. This is a form of information rent.
An econometric test for adverse selection.
We present an econometric test for adverse selection of the kind described above. We assume that both the midprice and the aggregate passive trader's inventory are Itô Figure 2 . Empirical cumulative losses due to adverse selection (rescaled) for selected stocks.
processes, say of the form: (4.2) dp t = µ t dt + σ t dW t dL t = b t dt + l t dW t with instantaneous correlation ρ t between W t and W t . Then a continuous version of the adverse selection model implies that
that is, the changes of a passive trader's inventory are always negatively correlated to the price returns. We test the following null hypothesis:
If we denote by p N and L N the discrete measurements of the diffusion processes p and L on the uniform grid {1/N, 2/N, ..., 1} then [1] suggests to Figure 3 . Transaction cost against adverse selection components for multiple stocks. Line corresponds to y = x. Plot is in log-log scale and each point corresponds to one stock on a given day.
consider: (4.4)
which leads to the following form of the central limit theorem
The result can then be used to compute rejection probabilities of the null hypothesis on buckets of M trades assuming that ρ t , σ t and l t are constant on these buckets. We then multiply those rejection probabilities to obtain the overall rejection probability for the null hypothesis. The results are given in Table 2 in the case where M is chosen for each stock so that the trading day is divided into 8 buckets. Table 3 rejects the null hypothesis for nearly all stocks. As a conclusion, instantaneous adverse selection is very easily measured and modeled on the continuous time scale. We only tested for the sign of the adverse selection coefficient ρ, but more practical-minded researchers may be interested in its magnitude. The correlation is around −0.3 across most stocks. This implies that only 30% of the inventory of passive traders is due to adverse selection, but 80% of their profits go to traders with superior information.
4.3.
Implications for option pricing. The main result of this rather long and technical subsection is a result stating which options can be hedged via limit orders and which can only be hedged via market orders in a Black and Scholes world.
For tractability reasons, it is often convenient to work in the framework of continuous time finance. Some quantities, notably the midprice, can then be modeled as having a Brownian motion component. Using a diffusion approximation argument, we derive the analogue of our wealth equation 
We start with the most standard hypothesis: assuming that we observe a continuous, diffusive price at discrete times. This leads to a continuous time model of the form: (4.7) dp t = µ t dt + σ t dW t .
We will also model the inventory with a continuous diffusion process:
with instantaneous correlation ρ t between W t and W t . Our rational for allowing inventories with a correlated Brownian motion is the relative importance of the adverse selection. Without this correlation between changes in inventories and prices, our model for the price would not provide any of the significant instantaneous adverse selection found in the data.
Theorem 4.1. The correct continuous-time clearing equation that incorporates both transaction costs and price impact is:
where ± is the sign of ρ t .
In the limit case ρ t = 0, the trade was most likely done with a market order and hence ± is negative. The proof can be found in the appendix.
Note that if we allow l t to be signed and fix ρ t > 0, then the formula collapses to:
which is convenient when juggling between limit and market orders.
4.3.2.
Revisiting Black -Scholes. In this section we assume that any inventory of the form
with l t signed, is attainable. If l t ≥ 0, trading is done with market orders while for l t < 0 trades are done with limit orders. Assume that the midprice follows a geometric Brownian motion as in the standard Black -Scholes model: (4.12) dp t = µp t dt + σp t dW t ,
and that the spread is proportional to price volatility, (4.13)
for some constant s If the interest rate r is constant and there are no dividends, then this market is complete and we can price a European option using the standard no-arbitrage argument, albeit with a slightly different partial differential equation (PDE) because of the two sources of frictions. The pricing PDE for the value v of a European option is (4.14)
∂v ∂t
which is the same equation as a local volatility model with a factor of (4.15) 2 π s − 1 on the volatility. The spread therefore acts as a multiplier on the implied volatility of an option. The larger the spread, the larger the implied volatility market makers will quote. The full derivation is presented in the appendix. A consequence of the proof is that the traditional delta-hedge still leads to perfect replication in a Black -Scholes market with transaction costs and instantaneous adverse selection. However, if we write the delta hedge equation
then that leads to the identity (4.17)
which in particular implies that delta-hedging negative gamma options can only be done with limit orders, while delta-hedging positive gamma options is done with market orders.
For an intuitive example of this phenomenon consider a call option. It has positive gamma: in order to delta-hedge this option, one needs to buy when the price goes up and sell when the price goes down. But, because of adverse selection, the price tends to move down when you buy with limit orders and up when you sell with limit orders. Therefore, market orders are to be preferred to delta-hedge a call option. However, if you are selling a call option then the opposite of a call option must be delta-hedged, which can be done with limit orders.
In addition to computing prices and delta-hedging ratios under transaction costs and instantaneous adverse selection, this theory suggests an execution strategy by quantifying when limit or market orders should be used.
Appendix A. NASDAQ data
Our raw data consists of NASDAQ's ITCH data files, which include all visible limit and market orders, as well as market orders that execute hidden liquidity. We clean up the data by removing 'special deals', trades that happen within the bid-ask spread, and market orders that execute hidden liquidity. This leaves us with only visible market orders hitting visible limit orders at the best bid or ask price. While this is the natural state of the data, one may wish to reconstitute parent orders, in which case not all trades would happen at the best bid or ask price. We propose a method for doing so later in the appendix.
Because the data does not provide the identity of the different traders, we work by aggregating all the passive trades. This means we parse all the trades as viewed from the limit order's perspective, construct the aggregate portfolio, and consider that as our 'trader'. The figures included in this paper were produced using the data for Coca Cola (KO) on 18/04/13. A full cross-section of 120 stocks used in the recent ECB study [7] was considered over multiple days to test for robustness of our results. We removed some of the stocks from certain tables when the number of trades was not sufficiently large to run the corresponding analysis.
A.1. Ignored trades. For the sake of completeness, we include a table of how many executions were discarded for each stock. They correspond to symbols 'C' and 'P' in the NASDAQ ITCH messaging convention. Type 'C' messages correspond to special deals while type 'P' messages to trades that execute against a hidden limit order. Note that -for some stocks-hidden executions are very important. stock symbol percent type 'C' percent type 'P' stock symbol percent type 'C' percent type 'P' AA Table 4 . Proportion of ignored trades. Type 'C' correspond to 'special deals' while type 'P' execute against hidden limit orders.
A.2. Reconstructing parent orders. Throughout the paper we assume that all trades happen at the best bid or ask price. In general however, a small percentage of trades do go deeper into the book and consume liquidity from the next bid and ask prices. Unfortunately, the raw ITCH data does not indicate how to reconstruct these 'parent orders' from the sequence of messages printed in the file. We propose a reconstruction heuristic and, for the sake of completeness, present our empirical results in the general case. The discrete time self-financing equation in the general case takes the form
where c n is the transaction cost function associated to the order book. In the case where all the trades happen at the best bid or ask price, this function is equal to c n (l) = sn 2 |l|. The heuristic we employ to reconstruct parent orders in the ITCH data is as follows. We declare that multiple trades are children of the same parent order if the following three conditions are satisfied
(1) They all have the exact same timestamp.
(2) They are all in the same direction (Buy or Sell). (3) In between each trade message, there are no other messages for the same stock. In particular, the order book did not change in between two such consecutive messages.
We believe this to be a rather conservative heuristic. Most trades still happen at the best bid or ask price. The main effect of the reconstruction of parent orders is to reduce the number of trades where the midprice does not move. This can be seen on the table giving the proportion of trades with, without and with reverse price impact (Table 1-bis) . Because of that, our main test is boosted as the instantaneous correlation between liquidity provider inventory and prices is more significant (Table 2-bis). The results of Table 3 -bis reflect the higher amount of trades with price impact: the ratio between the adverse selection and the transaction costs increases and sometimes becomes bigger than 1.
To conclude, reconstructing parent orders complicates the theory, but improves all statistical measures of instantaneous adverse selection.
Appendix B. Proof of the continuous self-financing equation
The aim of this section is to derive formula (4.9) from its discrete version (3.7). In the process, we shall also derive the continuous-time analog of the instantaneous adverse selection constraint. The key is to let the tick size vanish, assume that the bid-ask spread vanishes with the tick size, and assume that the price and inventory converge to diffusion limits. B.0.1. The spread. This is conceptually the trickiest part of the argument. If we assume the spread to be of a fixed size, then the transaction cost component of our wealth equation explodes. This is not what we observe empirically in the data however, and we must adapt our set of hypotheses accordingly.
Our claim is that the spread vanishes in order 1/ √ N . Our argument for this is to say that the spread is -both empirically and theoreticallya multiple of the price grid and hence the price jumps. Given that in a continuous time model, price jumps are of order 1/ √ N it is consistent to have the spread scale in 1/ √ N . We call this hypothesis a 'vanishing bid-ask spread' and denote in the continuous limit by s t the spread measured in the price-change unit.
The main technical tool we use is the functional law of large number for a discretized process by Jacod and Protter [19] . Let φ σ 2 denote the density function of the Gaussian distribution with mean 0 and variance σ 2 .
Theorem B.1 ((7.2.2) from [19] ). Let (t, y) → F t (y) be an adapted random function that is a.s. continuous in (t, y) and verifies the growth condition F t (y) ≤ Cy 2 for some constant C. Then we have the following convergence u.c.p. as N → ∞ for any continuous Itô process Y :
dt . We proceed as follows:
(1) We start from continuous time processes for the inventory L, price p and bid-ask spread s as our data. (2) By time discretization, we obtain the data to plug into the discretetime clearing equations listed in section 3, yielding our discrete time output relationships. (3) Finally, we take the limit to obtain the diffusion limits of our discrete output to obtain our continuous-time relationships. In discrete time, the midprice is a pure-jump process, and therefore has finite variations. It is common on larger time scales to consider the price as 'zoomed out' enough to be approximated by a diffusion process. Mathematically, this corresponds to a vanishing tick size. Recall that tick size is typically of the order of magnitude of the cent 4 , that is 10 −4 relative to the typical stock price. Given the relative roughness of the path of inventories when compared to prices it seems reasonable to also expect high-frequency inventories to be modeled by processes with infinite variation. B.1. Mathematical Setup. Let W and W be two Brownian motions with unspecified correlation structure. We consider two Itô processes for the price p and the inventory of L a liquidity provider :
where p 0 and L 0 are given initial conditions and µ, σ, b and l are adapted continuous processes. Finally, we also assume the existence of an adapted continuous process s.
Now consider the discrete approximation p N n = p n/N and likewise for L, µ, σ, b and l. The interpretation is that 1 √ N is the tick size, which we formally make vanish. For the bid-ask spread s, we define s N n = 1 √ N s n/N in line with our previous comments. Plugging these definitions into our discrete model leads to:
where the first equation is understood as the definition of the wealth X N .
B.2. Main result.
Theorem B.2. Assuming that relations (B.2) hold for every N ≥ 1, then the limit lim N →∞ X N N t exists for the uniform convergence in probability and defines a process X t which together with the Itô processes p t and L t satisfy the relationships:
dX t = L t dp t +
Proof. Using a localizing sequence of stopping times if needed, we can assume without any loss of generality that the process s t is bounded by a constant. The convergence of the discrete approximations of t 0 L u dp u and [L, p] t is plain, proving the second relationship.
For the last term of the self-financing equation, we have that
which allows us to apply Theorem B.1 with F t (y) = Remark B.3. Technically speaking, nothing prevents us from using the same limiting argument for the hidden part of the order book, simply replacing p t and s t by their 'hidden' counterparts. Two practical problems appear however. First, measuring the hidden price and spread is difficult. Second, and more importantly, it is unclear by what to replace the price impact inequality, as adverse selection of hidden orders is rarely studied and, in any case, poorly understood.
B.3. The case of a liquidity taker. By symmetry, the corresponding equations for the inventory and wealth of a liquidity taker are (B.5) dX t = L t dp t −
Unfortunately, as we already pointed out, both the equations for the liquidity provider and the liquidity taker are only necessary conditions. Indeed, unlike with the standard self-financing equation, it is difficult to tell which processes L and p are admissible: we can only derive X once L and p are given.
To give an example of why not all L can be attained, assume the volume on the order book is finite. Then the volatility of L must be bounded by the amount of volume available. Other factors that can come into play to determine which processes L are actually attainable by market participants are: limit order fill rate, instantaneous price recovery and for market orders the ability to predict the next price jump. These factors will directly impact the volatility of L and the possible correlation and quadratic covariation between L and p.
Ultimately, supply and demand rule the price p and volume L. X, however, stems from accounting rules.
Appendix C. Derivation of the Black -Scholes PDE
In this section we prove the pricing PDE (4.14) for a European option in a Black -Scholes model with transaction costs and price impact. C.1. Mathematical setup. Let W be a Brownian motion and r the constant interest rate the cash account is subject to. Assume the midprice p t to satisfy the stochastic differential equation (SDE) (C.1) dp t = µp t dt + σp t dW t , and let the spread s t be of the form s(p t ) for some continuous function s.
Given an adapted Itô process
representing an agent's inventory, and a real K 0 representing his initial cash endowment, his wealth is defined as (C.3)
where we have used equation (4.10) as l t is signed. The last term comes from the interest gained on the cash account
The objective is to find X t such that we have X T = f (p T ) at a given terminal time T for a given payoff function f . l t = σp t ∂ 2 v ∂p 2 (t, p t ).
Proof. Consider the processX t = e −r(t−T ) X t . Choosing the "delta" for the holdings L t , namely As the initial values match, we have that X t = v(t, p t ). This concludes.
